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In 2007, Cruz-Uribe and Fiorenza \[[@CR5]\] discussed the weighted endpoint inequalities for commutator of fractional integral operator and proved the following result (see also \[[@CR6]\] for the unweighted case).
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Morrey-type spaces {#Sec4}
------------------

Let us begin with the definitions of the weighted Morrey space with two weights and generalized Morrey space.
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It should be pointed out that Corollaries [2.1](#FPar19){ref-type="sec"} through [2.3](#FPar21){ref-type="sec"} were given by Komori and Shirai in \[[@CR10]\]. Corollary [2.4](#FPar22){ref-type="sec"} and Theorem [2.5](#FPar23){ref-type="sec"} are new results.
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### Corollary 2.5 {#FPar25}
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### Corollary 2.6 {#FPar26}
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### Corollary 2.7 {#FPar27}
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### Corollary 2.8 {#FPar28}
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We also introduce the generalized Morrey space of $\documentclass[12pt]{minimal}
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### Definition 2.11 {#FPar29}
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Below we are going to show that our new Morrey-type spaces can be reduced to generalized Morrey spaces. In fact, assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta(\cdot )$\end{document}$ is a positive increasing function defined in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,+\infty)$\end{document}$ and satisfies the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {D}_{\kappa}$\end{document}$ condition ([2.8](#Equ8){ref-type=""}) with some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0\leq\kappa<1$\end{document}$. For any fixed $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{0}\in\mathbb {R}^{n}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r>0$\end{document}$, we set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Theta(r):=\theta(|B(x_{0},r)|)$\end{document}$. Observe that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \Theta(2r)=\theta \bigl(\bigl|B(x_{0},2r)\bigr| \bigr)=\theta \bigl(2^{n}\bigl|B(x_{0},r)\bigr| \bigr). $$\end{document}$$ Then it is easy to verify that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Theta(r)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r>0$\end{document}$, is a growth function with doubling constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D(\Theta):1\le D(\Theta)<2^{n}$\end{document}$. Hence, by the choice of Θ mentioned above, we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {M}^{p,\theta }(\mathbb {R}^{n})=\mathcal {L}^{p,\Theta}(\mathbb {R}^{n})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$W\mathcal {M}^{p,\theta}(\mathbb {R}^{n})=W\mathcal {L}^{p,\Theta}(\mathbb {R}^{n})$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in [1,+\infty)$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {M}^{1,\theta}_{L\log L}(\mathbb {R}^{n})=\mathcal {L}^{1,\Theta}_{L\log L}(\mathbb {R}^{n})$\end{document}$. Therefore, by the above unweighted results (Corollaries [2.5](#FPar25){ref-type="sec"}-[2.8](#FPar28){ref-type="sec"}), we can also obtain strong type estimate and endpoint estimate of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I_{\alpha}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[b,I_{\alpha}]$\end{document}$ in the generalized Morrey spaces.

### Corollary 2.9 {#FPar30}
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We will also prove the following result which can be regarded as a supplement of Corollaries [2.9](#FPar30){ref-type="sec"} and [2.10](#FPar31){ref-type="sec"}.
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It is worth pointing out that Corollaries [2.9](#FPar30){ref-type="sec"} through [2.11](#FPar32){ref-type="sec"} were obtained by Nakai in \[[@CR9]\]. Corollary [2.12](#FPar33){ref-type="sec"} and Theorem [2.6](#FPar34){ref-type="sec"} seem to be new, as far as we know.

Throughout this paper, the letter *C* always denotes a positive constant that is independent of the essential variables but whose value may vary at each occurrence. We also use $\documentclass[12pt]{minimal}
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Proofs of Theorems [2.1](#FPar13){ref-type="sec"} and [2.2](#FPar14){ref-type="sec"} {#Sec5}
====================================================================================

Proof of Theorem [2.1](#FPar13){ref-type="sec"} {#FPar35}
-----------------------------------------------
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Proofs of Theorems [2.3](#FPar15){ref-type="sec"} and [2.4](#FPar18){ref-type="sec"} {#Sec6}
====================================================================================
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Proof {#FPar38}
-----

For the proof of (i), we refer the reader to \[[@CR19]\]. For the proof of (ii), we refer the reader to \[[@CR20]\]. □

Proof of Theorem [2.3](#FPar15){ref-type="sec"} {#FPar39}
-----------------------------------------------
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Proof of Theorem [2.4](#FPar18){ref-type="sec"} {#FPar40}
-----------------------------------------------
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                \begin{document}$$ \begin{aligned} J'_{3}\leq{}& C\sum _{j=1}^{\infty}\frac{1}{|2^{j+1}B|^{1-{\alpha}/n}} \int _{2^{j+1}B}\Phi \biggl(\frac{|f(y)|}{\sigma} \biggr)\,dy \times \frac{w^{q}(B)^{1/q}}{\theta(w^{q}(B))} \\ \leq{}& C\sum_{j=1}^{\infty}\frac{|2^{j+1}B|^{{\alpha}/n}}{w(2^{j+1}B)} \int _{2^{j+1}B}\Phi \biggl(\frac{|f(y)|}{\sigma} \biggr)\cdot w(y)\,dy \times\frac{w^{q}(B)^{1/q}}{\theta(w^{q}(B))} \\ \leq{}& C\sum_{j=1}^{\infty}\biggl\| \Phi \biggl( \frac{|f|}{ \sigma } \biggr) \biggr\| _{L\log L(w),2^{j+1}B} \times\bigl|2^{j+1}B\bigr|^{{\alpha}/n} \cdot\frac{w^{q}(B)^{1/q}}{\theta(w^{q}(B))} \\ ={}& C\sum_{j=1}^{\infty}\biggl\{ \frac{w(2^{j+1}B)}{\theta (w^{q}(2^{j+1}B))}\cdot \biggl\| \Phi \biggl(\frac{|f|}{ \sigma } \biggr) \biggr\| _{L\log L(w),2^{j+1}B} \biggr\} \\ &{}\times\frac{|2^{j+1}B|^{{\alpha}/n}}{w(2^{j+1}B)}\cdot\frac{\theta (w^{q}(2^{j+1}B))}{\theta(w^{q}(B))}\cdot w^{q}(B)^{1/q}. \end{aligned} $$\end{document}$$ In view of ([3.3](#Equ15){ref-type=""}) and ([3.4](#Equ16){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned} J'_{5}\leq{}& C\|b\|_{*}\sum _{j=1}^{\infty}\biggl\{ \frac{w(2^{j+1}B)}{\theta (w^{q}(2^{j+1}B))}\cdot \biggl\| \Phi \biggl(\frac{|f|}{ \sigma } \biggr) \biggr\| _{L\log L(w),2^{j+1}B} \biggr\} \\ &{}\times\frac{|2^{j+1}B|^{{\alpha}/n}}{w(2^{j+1}B)}\cdot\frac{\theta (w^{q}(2^{j+1}B))}{\theta(w^{q}(B))}\cdot w^{q}(B)^{1/q} \\ \leq{}& C\cdot \biggl\| \Phi \biggl(\frac{|f|}{ \sigma } \biggr) \biggr\| _{\mathcal {M}^{1,\theta}_{L\log L}(w,w^{q})} \times \sum_{j=1}^{\infty}\frac{\theta(w^{q}(2^{j+1}B))}{\theta(w^{q}(B))}\cdot \frac{w^{q}(B)^{1/q}}{w^{q}(2^{j+1}B)^{1/q}} \\ \leq{}& C\cdot \biggl\| \Phi \biggl(\frac{|f|}{ \sigma } \biggr) \biggr\| _{\mathcal {M}^{1,\theta}_{L\log L}(w,w^{q})}. \end{aligned} $$\end{document}$$ For the last term $\documentclass[12pt]{minimal}
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Proofs of Theorems [2.5](#FPar23){ref-type="sec"} and [2.6](#FPar34){ref-type="sec"} {#Sec7}
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Proof of Theorem [2.5](#FPar23){ref-type="sec"} {#FPar41}
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Proof of Theorem [6.3](#FPar45){ref-type="sec"} {#FPar47}
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Proof of Theorem [6.4](#FPar46){ref-type="sec"} {#FPar48}
-----------------------------------------------
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